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Abstract

In a series of papers, it has been shown that algorithms for dense linear algebra operations can be systemati-
cally and even mechanically derived from the mathematical specification of the operation. A frequent question
has been whether the methodology can be broadened to iterative methods. In this paper, we show that this is
indeed the case for so-called Krylov subspace methods.

Our aims with this are two-fold: first of all, we show how the FLAME paradigm can simplify the derivation of
subspace methods. In view of this, the fact that we only derive the classical conjugate gradient method should
be viewed as a promise for the future, rather than as a limitation of this approach.

Secondly, and more importantly, our use of FLAME shows how mechanical reasoning can derive full algo-
rithm specifications from the constraints (for instance, orthogonality conditions) on the generated results. If
we tie this to ongoing research in automatic optimized code generated in FLAME, we see that this research is
a necessary building block towards automatic generation of optimized library software.

Thus, our application domain of iterative methods is a proof-of-concept of the formalization of algorithm
design and library generation.
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1 Introduction

We present the Conjugate Gradient (CG) algorithm [8] in the FLAME framework [[15]. With this, we have two
goals in mind. First, we show how FLAME can be used to simplify the process of deriving iterative methods.

Traditional expositions of this method, and ones related to it, posit the basic form of relations between ma-
trices and vectors, and computing the scalar coefficients in them by ‘lengthy induction arguments’ [11]. Our
presentation is very much in the spirit of Householder’s derivation [9], where both vector and scalar sequences
are summarized as matrices. The big advantage here is that we can dispense with quantified statements over
sequences, and instead consider simple predicates over simple, unindexed, objects.

Demonstrating the power of this approach, we derive a CG method for nonsymmetric systems in about half
a page; a feat that warranted a whole research paper in the classical approach to polynomial iterative meth-
ods [16}[10].

Beyond simply presenting an alternative derivation of these methods, we argue that the essential calculations
in a FLAME worksheet, contained in the update step, can be derived mechanically from the loop invariant
of the algorithm. Coupling this to ongoing projects for automatic code generation from FLAME worksheetS,
this raises the possibility of automatic generation of numerical libraries. Krylov subspace methods are then
merely a proof-of-concept of a much more general idea: the mechanical derivation of algorithms and tuned
library software incorporating these algorithms.

2 Theory

In this paper we will derive the Conjugate Gradients method using a block formalism [1} 9]]. Rather than
positing the basic form of the coupled recurrences of residuals and search directions, we derive their existence
as it were ‘from first principles’. This will give a clear separation between the basic form of the update
equations, which hold for all polynomial iterative methods, and the specific values of the coefficients which
follow from orthogonality requirements.

This first section serves to familiarize the reader with the block formalism, and to establish the basic equations,
as well the question of their essential degrees of freedom. These dofs will then be derived in subsequent
sections.

Let the linear system Ax = b be given, and let xy be any vector. Define ro = Axg — b, then rg = Axp — b implies
thatx =A"'b=xo— A 1.

Now, the Cayley-Hamilton theorem tells us that for every A there exists a polynomial ¢(x) such that ¢(A) = 0.
Without loss of generality, we can write ¢(x) = 1 4 xm(x) with @ another polynomial. Then 0 = ¢(A) =
I+ Am(A) and hence A~! = —7(A) so that x = xo + 7(A)ry. Now, if we know the coefficients of 7(x), we
would be done in theory. The problem is that we don’t know the coefficients, and even if we knew them, the
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degree of the polynomial might be too high for practical use. Thus we arrive at the notion of a sequence of
polynomials {fc(i)} ; and a sequence of approximation

Xi = Xp +7~t(i)(A)r() (D
that, we hope, converge to the solution.

We now need the basic concept of a ‘Krylov sequence’, which, given n x n matrix A and initial vector ko, is
defined as the matrix with infinite number of columns

K(Ako) = (ko | Ako | A%ko | -+ ).
In other words, the jth column of K (A, ko), k j» is defined by
koif j=0
kj= )
Ak;_ otherwise.
With this, we rewrite Equation (2)) as
Toi

Xir1 =x0+K(A,ro) | T ()
0

where 7;; is the i-th coefficient of the polynomial 7). Introducing the matrices

0 0 I 1 : -1 —1
J=|1 0 - and E=[0 0 -- sothat J—E=] 1 0o - 3)
0 - - 0 - - 0 - .
we can write Equation (2)) in matrix form as
X(J-E)=KU, “4)

where from now on we will write K for K{(A,ry), X = (xo,x1,---), and U is the upper triangular matrix
containing the 7;; coefficients. (Note that we regularly abbreviate vector sequences in block notation: K =
(ko, k2, ...) leaving unspecified whether this is an infinite sequence or a finite part of it.)

Equivalently, by substituting U « U (I —J'), we find

X(J-I1)=KU &)

1. In the whole of this document we will use zero-based indexing, including for indexing matrix elements.
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which is now shorthand for the common form x;, | = x; + () (A)ry for some sequence of polynomials {n()};,
where the ith column of upper triangular U holds the coefficients of polynomial ©¥). This leads us to our
formal definition:

Definition 1 We call a sequence X = (xg,x1,...) a polynomial iterative method if it satisfies
Xi+1 = X;i + TC(i) (A)r()

for some sequence of polynomials {n))}; with deg(n\)) = i. Notation: X = P({m;};>0,A,x0, f).
Of equal interest is the corresponding sequence of residuals: R = (rg,r,...), where r; = b — Ax;:

Definition 2 We call R a ‘residual sequence’ if it is the sequence of residuals of a polynomial iterative
method X wrt A and f:
R=AX— fe' orri=Ax;— f.

Notation: R =R{A, X, f).

Lemma 1 Let a matrix A a vector f and a sequence X be given. Let R = R(A,X, f). Then

El{TC,'GP(”)} X = P<{ni}i207A7x0;f>
And ElUEU("): R<A7X7f>:K<A7x07f>U

where U™ js the set of upper triangular matrices U satistying ug, = 1.

Proof: Suppose X is generated by a polynomial iterative method P{{m;};>0,4,xo, f). Multiplying the equa-
tion

Xit1 = X0 +Ti(A)ro
by A and subtracting f on both sides gives

Tiy1 =10 —|—ATEZ'(A)F(),

in other words, r;iy1 = 0;11(A)ro with ¢;(x) = 1 +xm;(x). This can clearly be written R = KU where U =
U(d;) € U™ and K = K(A, ro). It is easy to see that all implications in this proof are equivalences. o

With X a polynomial iterative method and R its residual sequence, we now immediately see that X can also
be defined as
X(J—I)=RU 6)

for some upper triangular matrix U. We can now prove:
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Lemma 2 Residual sequences satisty AR = RH with H an upper Hessenberg matrix with zero column sums.

Proof: Taking equation (6, multiplying by A, and adding — f + f to the lhs, gives
R(J—I)=ARU = AR=R(I—-J)U ' =RH

where we note that H is as stated. We omit the proof that this is in fact an equivalence. .

Now we consider factoring the H matrix. If we leave the length of the R sequence indeterminate, the factors
of H will be semi-infinite too; if we take a finite part R, then the following statement will hold by letting H
be of size (n+1) x n.

Lemma 3 A hessenberg matrix H has zero column sums iff its factorization is of the form

H=(I-J)U.

We now derive the coupled recurrences form of polynomial iterative methods:

SAR=R(I-J)D" ' (I-U) = {APD:R(]_J) (7

AR =RH
P(I-U)=R

H has zero column sums

In this, we recognize the traditional formulation

rigl = i —Apidii,  piy1 =Trip1+ ijuji-
J<i
Note that this form holds for any polynomial iterative method; various iterative methods (CG, MinRes,
BiCGstab) all follow from imposing certain conditions on R, or equivalently on the coefficients of D and U.
For instance, stationary iteration and steepest descent correspond to U = 0; the Conjugate Gradients method
corresponds to U being single upper diagonal, with values deriving from the orthogonality of R.

In the remainder of this paper, we will take the block form (7)) for given, and show how FLAME can be used
to derive the coefficients in D and U.

3 (ultra) Brief introduction to FLAME

Here we give a very simple (in fact, simplified by leaving out many details) example to convey the mode of
reasoning in FLAME. Let J be the matrix
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and let us consider the equation AK = KJ with the first column of K given, where all matrices are of size n X n,
where n > 1. The reader of course recognizes this as a block formulatio of the Krylov sequence with
coefficient matrix A and starting vector k.

We will now derive an iterative algorithm for constructing a matrix K that satisfies this equation. It is enough
if we can show that a single iteration leaves a loop invariant predicate satisﬁecﬂ In the FLAME methodology,
this start by partitioning the matrices involvecﬂ

K=(Kp | ky|K J= i 0 0 8
( L‘ M‘ R), JmL vk = (1,0,...,0)" 3)

Jr 00 {j;m:(o,...,o,l)
0  Jjur Jr

This means that, for the equation AK = KJ to hold, the following system needs to be satisfied:

AKp = KiJrr+kmjiy,
Aky = Krjur
AKg = KrJp,

The crucial step in the derivation is the choice of the invariant; in this case we choose the first equation as the
invariant that holds at the start of an iteration.

Now we derive the steps that need to be taken to let the invariant hold at the end of the iteration. We split one
column off the Ky block (the thick line indicates the location of the block from which the column is split):

(Kelh | Ke )= (Ko |ki| k| Ks )
At the end of the iteration, the predicate has to hold for one more column, so the new partition will be
(Ko || ko | Ks )= (Ke|kw|Ke)

In other words, in the partitioned equation

Joo 0
1

(K | [l [ K ) = (Ko [ [do | o ) [0 ©
0 J23 | J33

we assume that at the start of an iteration AKy = KoJoog + k; is satisfied, and at the end of an iteration the
additional ‘after’ equation of Ak; = k; has to be satisfied.

In conclusion, computing k, < Ak, where k,k> are columns in the iteration-dependent partitioning of K,
will make the equation AK = KJ inductively be satisfied for the n X n matrix K.

2. In the sense of summarizing a complete vector sequence as a block, not in the sense of iterating on blocks.
3. One of our simplifications is the ignoring of initial and final conditions on the process.
4. In the traditional FLAME approach [15], a 2 x 2 partition is used. We will use a 3 x 3 partition instead.
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This example, while admittedly of a rather trivial algorithm, illustrates the principle how FLAME,
starting from a non-algorithmic description, derives the steps that will keep a loop-invariant pred-
icate inductively satisfied, thus yielding an algorithm implementation that is proved correct.

Annotated Algorithm:
Compute K of size m X n so that AK, o.,—1 = KJ and K, o = b
la { K*’o = b}

Step

Partition
Jri 0 0 .
=(0,...,0,1
3 K_)(KL‘kM‘KR),J: -]ItWL 0 0 ’ -].ML (7 77)[
0 JmMr  JBR JMR = (1?07 a0>

where n(ky) =1
2 || {AKL =Kidrr +kmjhy }
4 || While n(Kz) >0 do

2.4 {( AK; = KiJrr +ij§\/IL) VAN ( I’l(KR) >0 )}
Repartition
Jo 0] O] O
(KL‘leKR)_) J.ITL 0 0 Jiol0OJ OO
5a , Jur | O 0 —
(Ko |ki|ka| K3) 0 o7 ofl1]Jo]o
0 10]) x|/
where
6 { AKy = KoJyo + k1 }
8 { ky = Ak }
Joo O
7 { A(Ko k)= (Kol ki k)| s 0
0
sh Continue with
(Ko | ki | k2 | K3 ) = ( Ko | km | Kg ), likewise for J
2 {AK, = K Jrp+kmjiyr

endwhile

2.4 {(AKL:KLJTL‘FkM].;V]L)/\_‘(n(KR) > 0)}
1b {AK*,O:n—l =K/, K*,O = b}

Figure 1: Worksheet for the Krylov sequence

4 Hestenes-Stiefel CG

We will now show that this notion, can be used to derive iterative methods such as the CG algorithm.
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Using a 3 x 3 partition as in equation (8)), the equations for residuals and search directions, under orthogonality
of the residuals,
APD=R(I-J), P(I-U)=R, R'R=Qdiagonal

turn into the following set of equations:

/

Jri. 0 0
( AP, Dy, ‘ApMdM ‘APRDR ) = < Ry ‘ m ‘ Rr > J}tl/IL 1 0
0  Jjmr JBr

Urp urm urr

(Plpw|Pe )| 0 1 we |=(Re|mw|Re) (10)
0 0 Usr
Ry Qrp 0 0
v <RL‘rM‘RR>= 0 oyy O
Rg 0 0 Qpr

The FLAME approach now takes this partition, and lets the middle column, or row and column, traverse the
partitioned matrix. That is, the basic iteration:

. Assumes that part of the partitioned matrix, for instance the P;, and pys blocks, have already been
computed correctly;
. Splits off one column, or row and column, from the uncomputed part:

(PL‘lepR)—)(PO‘PllpZ‘P3)

This will yield a set of ‘before’ equations that are presumed to be satisfied in the current iteration.
Under the above assumption that Py and p,, are correctly computed, this will be a set of equations for
Py and p;.

° Then considers the implications of advancing the iteration by repartitioning the matrix:

(Plpu|Pr)—(P|pi|p2|Ps)

This gives rise to a larger set of equations, the ‘after’ equations. Under the assumption that P, and py
are correctly computed, this will be a set of equations for Py, p;, and p,. Some of these may already
be satisfied as part of the ‘before’ equations; the remaining ones define the operations that preserve the
loop invariant when the iteration advances.

We now consider the Partitioned Matrix Expression (PME) (I0), and for the invariant we let the equation
APD = R(I —J) hold in the L column, and P(I —U) = R in both the L and M columns. (This is a conscious
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choice by no means the only possible one. We will explore a different choice, which has different computa-
tional ramifications, in section[4.3])

(amn )= (ne ) ()

-t
JmL

( PL pm ) ( USL uTlM = ( Ry, ru ) (11)

(%) (rw)= (% 2 )

4.1 Partitions and before/after equations

The partition before the update is

JrL 0 0 Urp | urm | urr
Bl 1 0 0 1| umr
0 |J J, 0 0 |U
(R | R ) el 2 ) 0 T
) b l b}
Jo| 0 O O Uoo | uo1 | uo2 | uo3
(Rolnlnlk) (G2-gio) (Blnlnle) (SFH e
0O | 1|1/ jas 010 1 | us
0 0 0 J33 0 0 0 U33
After performing the update, repartition:
Jrr 0 0 Urp | urm | urr
a1 0 0 1| umr
0 1jJ J, 0 0 |U
(RLII’M‘RR) ]ITSM BR (PLlpM‘PR) | BR
T ) 9 T 9
Jo| 01 0|0 Uoo | uo1 | uoz | uos
(Ro|r|r|ks) Jol 110710 (Polp|p|Ps) O | T Jup| us
0O|—-1]11]0 0|0 I | u3
0] 0 | 2|3 0] 0] 0 |Us
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Before the update, the invariant reads:

. Uoo  uo
APODd:ROJOO"i‘}’]]th, (P() pl) ( 1 > = (R() I’l),
PLAPy 0
R o 0 pi D AP, AP general case
0 0 1
0 (Ro F1>: ; 0 A(Po p1>: ! 1
r 0 (O] P1 POAP() 0 .
. symmetric case.
0 PiADi
(12)
After the update, the first line of the invariant reads:
Dy _ Joo =
ARy 1) ( d1> —(Ry ) (jﬁo 1) tr(0 —1)
Uoo uor  uo2
(Polpi|p)| 0 1 wun |=(Ro|ri|r) (13)

0 0 1Ixn

The extra equations that need to be satisfied to have the invariant satisfied after the update are:
Apidi=ri—nr,  PRuop+piun+pr=rn.

These equations describe the updates for P and R; they involve coefficients that are still to be determined.
For the computation of these, we have the diagonality of r{/Ar; and the lower triangularity (general case;

diagonality for the symmetric case) of piAp;.

4.2 Computation of coefficients

Computing the D coefficients In the derivation of the coefficients we need some auxiliary facts that follow
from the invariant equations. We start by multiplying equation (13):

Uoo uo1 up

(Ro|ri|m)x|{(P|pi|p2)|l O 1u wun |=(Ro|r|nr)
0 0 1xp
RyPy Ryp1 Ryp2 Uop uor uop2 Q 0 0
= rflP() I’tlpl I‘tlpz 0 111 uin = 0 (O] 0 (14)
Py rhp1r mhp; 0 0 1» 0 0 o
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From equation (T4) we derive necessary conditions such as 7, p; = 0. The sufficient conditions are

Riyr» =0 this is Rjr; — RjApi1di = 0 — 0 from the before equations and the lower triangularity of r/Ap;
rir,=0 this is r{r; — r{Apid, so this is satisfied if d| = r{r1 /r{Ap;
r5PoUoo =0 satisfied since ryPy = r{ Py — d1 p{A' Py and piAp; is lower triangular

rip1 =0 note rhpy = ri p1 —di p{A’ p; so this reduces to the requirement that d; = | p1 /p|Ap;.

Since riry =i p1 and F{/Ap; = pApi, we find that

rr
dy =11 (15)
P]API

is the sole necessary and sufficient condition.

Additionally, we now conclude from (T4) that the matrix R:P; is upper triangular.

Equations for P/AP; Using the upper triangularity of R}P;, or equivalently the lower triangular of P/R;, we
get

P6R0 0 0 Jo() 0 0 P(t)AP() P(t)Apl PéApz

PiRo piri1 O Jio 10 | =| plAPy, p\Ap1 piAp2

PSRy phri phn 0 Jji Jn P5APy  phAp1  phAp) (16)
PAR, 0 0

=| AR piApt 0
PHAPy phApr pyAp:
where we conclude the zeros in the rhs from the form of the lhs. In the case of a symmetric coefficient
matrix A, the rhs is both lower triangular and symmetric, hence diagonal. This gives the general statement that

PiApj=0fori# j.

Computating the U coefficients Next we consider the computation of the U coefficients in the P(/—U) =R
equation. Since the first two columns are satisfied as part of the before equations, it is necessary and sufficient
to satisfy the equations in the third column. We multiply them:

R}, —Uup2
rn|x [P pi p2)|—u2]|=n
rn 1

giving (where we use parts of equation (14) to zero some coefficients)

R6P0 R{)pl R6pz —up 0
0 rAp1t rip —up|=| 0 (17)
0 0 7J2p2 1 r‘tzrz

TR-07-02 10
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The third row contains the known fact that 5 p, = rr», but the second row reads

’“’1192

!
rlrl

!
—rpiun+rpr=0=upp =

In the symmetric case we observe that phr; = phri + piApidi = phri (using the symmetry of P/AP;, observed
above), so, combined with phr; = rhr,, we find

Uip = ———. (18)

Next we show that 1, = 0 in the symmetric case. Taking the first column of the R(J —I) = APD equation and
left multiplying it by p, we get

Py
J
ptl AP()D():(RQ r )< .?0 >:|
' Jio
1 25)
PLAP, PLAP, PRy O P
ptlAPO DO = 0 DO = ptho ptl r < J?O >
PHLAP, 0 PhRo  phr 10
In the second row, we see
piriJio = piRoJoo + p1APsDo = piRoJoo  s0  piRo = piriJiodyy = rirdiodyy - (19)
Similarly, the third row, we have
phriJio = pyRoJoo + phAPoDo = pyRoJoo 0 phRo = phridiody, = rhraJiodyy - (20)

Together, this gives us for the first row of equation (17))

Uup2
(RoRo  JogJiorir Jigrar2) | —rar2/rir | =0
1

from which uy; = 0 readily follows. (In fact, we are free to ignore this analytical conclusion, and compute 1,
from this equation, for added numerical stability.)
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Computing the u coefficients in the nonsymmetric case

The above derivation of the coefficients u; (and the derivation that ug, was zero) depended on the diagonality
of P'AP. In the nonsymmetric case this no longer holds: as observed before, P'/AP is lower triangular in
general. To use equation and the following reasoning (equations and (19)) in the general case, we
needs expressions for, among others, p5AP,. This is problematic, since p; is unknown.

A

However, we observe that p, is computed after r», and so we try to express p;

}’gAl’j.

Ap; coefficients in terms of

From the equation R = P(I — U) we get
RAR=(I-U)PAP(I-U),

which specifically translates as

RIARy RiAr RiAr Ul PyAPy Uoo uor  uo2
HARy rAri rAr |=|u, 1 PiAPy  plAp: I up
hARy rhAr  rhAr uy, uj, 1 PHAPy phApr phAp: 1

UloPAPo Uoo uor  uo2

= u61P6AP0+ptlAP0 ptlAPI 1 up

* * * 1

which is an equation of the form (r!Ar;) = LU. From this we get, by examining the (0,2) position
RUAry = Loouor where Log = Ul PAAP,
which gives us ug;, and subsequently the (1,2) position gives
r"Ary = Liguop + Ly1u12 where Lyg = uly, P\APy + p{APy and Ly = piAp;

from which u; easily follows.

Note that here we have derived in less than a page an algorithm for the nonsymmetric CG method,
a feat that used to merit a whole research paper.

4.3 Invariant #2

Derivations made with FLAME are by no means unique. Different choices of PMEs can lead to algorithms
that differ, for instance, by a loop interchange, or their choice of kernel operations. We will illustrate this for
the CG algorithm. The variant we derive is correct, but can not express the work savings in the symmetric
case. Hence, it is identical to the previous algorithm in the nonsymmetric case, but wasteful in the symmetric
case.

TR-07-02 12
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We base the algorithm on just taking the L column of both equations:

Jrp | O 0
( APLDy | Apmdy | APRDg )= (Rp | ru | Re ) | fa | 1 | O
0 | jmr | JBr
and
Urr | urm | urr
(PLIPM‘PR) 0 1 UpMR :(RLIrM‘RR)
0 0 | Upr

After the update, the invariant reads:

AR ) (DO dl) -

U
(PO Pl)( 00 Uol

giving update equations

(Ro 1) <Joo

1>+r2((') —1)

-t
J10

)= (ko n)

Apidy =11 —n,

We now have the problem of computing the Uy, coefficient. The solution is much like before.

(2)< Lm0 () =1
(5 2 ()= ()

We multiply the P update equation:

Using the fact that 7} Py = 0, we get

which gives | p; = r|r; and

_ Ropr
RP,

uor =
Rf)PO
where for the numerator we used

Pl x [r1 = Ro+APRy)] = pir

TR-07-02
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5 On formal derivation

Our problem of constructing P and R can be formulated as a general problem

R.o— (Axo—b)

APD—R(I—J)
O(A,x0,b,R,P,U,D) =0 where O(A,x0,b,R,P,U,D) =

P(I-U)-R

R'R —diag(R'R)

The problem is in realizing the transition from this prescriptive statement to an algorithmic formulation. Partly,
this requires structural reasoning. For instance, the equation APD = R(I — J) translates to Ap;d; = r; — riy1,
and since we know ry, the r; vectors can now be derived in sequence.

Other facts are harder to determine. The value of d; (and u;;) only followed from a complicated reasoning
where equations were multiplied by quantities, and known facts substituted in the resulting equation. Ulti-
mately, an equation with a single unknown was produced.

Formally, this is a breadth-first search process, where new levels are derived by multiplying results in previous
levels together. In fact, continuing this process can lead to discovery of new algorithms. We will illustrate
this by deriving a CG method that was motivated by a reorganization of the inner products [3| 12} (14 |6].
Such reorganizations are mostly motivated from a point of parallel computing, where each inner product is a
synchronization point.

5.1 A CG variant

The CG algorithm, as described above, contains two inner products that are interdependent, thus introducing
two global synchronization points per iteration in a parallel computing context. For this reason, a number
of variants have been derived where the inner products can be computed simultaneously. Here we give the
derivation of one possible variant [3} 5]]; several others exist [[12} 4} [7].

We start from the basic iterations
APD=R(I-1J), P(I-U)=R
and introduce some auxiliary quantities and relations
OD=R(I—-J), Q0 =AP, P(I-U) =R, Q(I-U) =S, S=AR.
The crucial step is the replacement of the P'AP inner product by R'AR, which follows from the relation

(I-U)PAP(I—U)=RAR.

TR-07-02 14
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Writing this out in block form gives

U(t)o 0 0 P(I)APO 0 0 UOO upr Up2 R6ARO R6A7‘1 R6A7‘2
up, 1 0 0 PiAp: 0 0 1 wup | =| ARy rAr riAn
uy, uy, U, 0 0 PHAD> 0 0 1 hARy rhAr  rhAn

which contains the following equations:
Ul PLAPyUgo = RYAR
uy, PhAPouor + piApr = riAr
Upy PoyAPouoz + i, piApiur: + phAps = rhAr

4

These can be interpreted as recurrence relations for the p}

Ap; quantities, for instance
PiApy = riAry — uly PSAPyuo .

We note that this gives us indeed the pjAp; quantity that is needed for the computation of d;; equation (I5).

However, since u; is a dense vector, this requires the dense block of inner products P)APy, of which we only

know the diagonal. A better solution is to take the third relation, which in the symmetric case reduces to the

simple scalar equation
PYAp2 = rHAry — Uy piApiua.

Now we have the problem that we are computing p5Ap; instead of pjAp;. In effect, we are computing a

quantity one iteration to early. This problem can be solved in the following ways.

° We apply a compiler transformation that will carry this quantity to the next iteration. This involves the
introduction of a new technology into the FLAME framework, which we would like to avoid.

. We canuse a4 x4 — 5 x5 — 4 x 4 scheme. This option lets us stay firmly within the FLAME frame-
work without invoking new capabilities, however, the addition of yet another row and column to the
partition feels forced and unnecessary.

° Rather than letting the various inner products be temporary quantities, to be computed on demand, we
can incorporate them into the demands of the algorithm. Thus we can compute p}Ap; in one iteration,
and use it in the next. While this is an elegant solution, it requires coming up with a non-trivial extension
to the invariant.

The jury is still out on this.

6 Conclusion

In this paper we showed how reasoning about Krylov methods can be done systematically, even mechani-
cally, in the FLAME framework. Basic update equations follow from the invariant, analogous to many earlier
algorithms derived in FLAME.

A novel aspect is formed by scalars in the algorithm, which we derive from the constraints (such as orthogo-
nality conditions) on the vectors computed. It is our hope that this reasoning can be implemented in a symbolic
system, such as an automatic theorem prover. A prototype system exists [2,[13]], though of more limited scope.
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